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To identify which principles characterize quantum correlations, it is essential to understand in
which sense this set of correlations differs from that of almost quantum correlations. We solve this
problem by invoking the so-called no-restriction hypothesis, an explicit and natural axiom in many
reconstructions of quantum theory stating that the set of possible measurements is the dual of the
set of states. We prove that, contrary to quantum correlations, no generalised probabilistic theory
satisfying the no-restriction hypothesis is able to reproduce the set of almost quantum correlations.
Therefore, any theory whose correlations are exactly, or very close to, the almost quantum correla-
tions necessarily requires a rule limiting the possible measurements. Our results suggest that the
no-restriction hypothesis may play a fundamental role in singling out the set of quantum correlations
among other non-signalling ones.
One of the most pronounced phenomena to re-
veal that Nature is not classical is Bell nonlocality.
Indeed, quantum realisations of the so-called ‘Bell
experiment’ have confirmed that Bell inequality vio-
lations can be observed. The study of quantum non-
locality has hence become an active field of research
aimed, on the one hand, at exploiting these correla-
tions with no classical analogue and, on the other,
at understanding the counter-intuitive features of
quantum theory, which represents our most accurate
description of nature to date.
Part of this research has focused on deriving the
correlations produced by quantum mechanics solely
from physical principles, i.e. without making ref-
erence to the underlying mathematical structure of
Hilbert spaces, vectors, self-adjoint operators and so
forth. This program was initiated by Popescu and
Rohrlich [1] (see also [2]), who showed that relativis-
tic considerations (no-signalling faster than light)
alone are not enough to single out the quantum set,
and in fact allow two spatially separated parties to
generate correlations impossible to approximate in
quantum theory.
More than a decade later, Van Dam showed that
the existence of some supra-quantum correlations
compatible with special relativity could have im-
plausible consequences from an information pro-
cessing point of view [3]. Since then, remarkable
progress has been made in identifying physical prin-
ciples that constrain non-signalling correlations [4–
8]. However, all these attempts turned out to be in-
sufficient in singling out quantum correlations, since
(with the possible exception of [6]), they proved to
be satisfied by a set of correlations slightly larger
than the quantum one, called almost quantum [9].
This opens the question of whether there is a funda-
mental limitation to this research program, or if it
is the case that almost quantum (AQ) correlations
could really be the correlations allowed by a theory
alternative to quantum mechanics.
In this work we discuss the properties that a phys-
ical theory should have in order to predict AQ cor-
relations. For this we work within the framework of
generalized probabilistic theories (GPTs). We find
that should such a theory exist, it will not satisfy
the no-restriction hypothesis, in the sense that the
measurements allowed on the systems should be fur-
ther constrained. Indeed, the no-restriction hypoth-
esis imposes that any mathematically well defined
measurement in the theory should be physically al-
lowed. Depending on the interpretation, our results
then provide a means to argue that AQ correlations
may not be physical after all, or on the contrary,
highlight how restrictive the no-restriction hypothe-
sis is.
Bell scenarios and the almost quantum set.– In a
Bell scenario, a set of distant parties perform space-
like separated actions on their share of a system.
Each party can choose from m different measure-
ments to perform on their subsystem, obtaining one
of d possible outcomes. Such a Bell scenario is re-
ferred to as (n,m, d), where n denotes the total num-
ber of parties. For each party k ∈ {1, . . . , n}, we
use xk to denote their choice of measurement set-
ting and ak to denote the outcome obtained. Af-
ter performing measurements on many independent
copies of the system, the parties can estimate the
conditional probability distribution (also called be-
havior) p(a1 . . . an|x1 . . . xn). These correlations are
the objects we aim to characterise.
The correlations p(a1 . . . an|x1 . . . xn) that the
parties can observe are limited by the physical the-
ory modeling the behavior of their experimental ap-
paratuses. Quantum theories allow correlations of
the form
p(a1 . . . an|x1 . . . xn) = 〈Ψ| ⊗
n
k=1 M
(k)
ak|xk
|Ψ〉 , (1)
where Ψ ∈ H1 ⊗ ... ⊗ Hn is a normalized vector;
H1, ...,Hn are arbitrary Hilbert spaces and, for all
k, x, {M
(k)
a|x}a is a positive operator valued measure
(POVM) acting on Hk.
The set of AQ correlations, denoted by Q˜, can
be mathematically defined in many equivalent ways.
Within the language of quantum theory, a behaviour
p(a1 . . . an|x1 . . . xn) has an AQ realisation if there
exists a Hilbert space H, projective measurements
{N
(k)
ak|xk
}ak acting on H and a quantum state |Ψ〉
such that
1. p(a1, ..., an|x1, ...xn) =
〈Ψ|N
(1)
a1|x1
...N
(n)
an|xn
|Ψ〉.
2.
∏n
k=1N
(k)
ak|xk
|Ψ〉 =
∏n
k=1N
(pi(k))
api(k)|xpi(k)
|Ψ〉, for
all permutations π of the parties.
As shown in [9], all correlations of the form (1) are
AQ. However, even in the simplest Bell scenarios,
there exist instances of AQ correlations which do
not admit a quantum realization.
It then follows that all quantum correlations be-
long to the AQ set. As shown in [9], this inclusion is
strict. Moreover, contrary to the quantum case, the
problems of testing membership in the AQ set as well
as computing maximal violations of Bell inequalities
therein can be solved efficiently via semidefinite pro-
gramming (SDP) [10].
Generalised Probabilistic Theories.– In order to
explore the properties of a hypothetical theory that
describes AQ correlations, we make use of the for-
malism of generalised probabilistic theories (GPTs),
also referred to as the convex operational framework.
A GPT is specified by a list of system types, to-
gether with composition rules specifying which sys-
tem type describes the combination of several other
types. In a GPT, each system is described by a state
Ψ which is fully specified by the vector of probabil-
ities for the outcomes of all measurements that can
be performed on it. The system type will determine
which mathematical constraints on such probabili-
ties make Ψ a valid state and which physical opera-
tions we can effect on it. A complete representation
of the state of the system may be achieved by listing
the probability of the outcomes for measurements
that belong to a so-called ‘fiducial set’, which some-
times has a finite number of elements [11]. For ex-
ample, the (unnormalized) state of a d-dimensional
system in quantum theory can be fully described by
the vector of probabilities for the d2 outcomes of any
tomographically complete measurement. The set of
possible states S of a given system type is always
convex. This reflects the fact that any convex com-
bination of two different state preparations is also a
valid preparation and should give the corresponding
convex combination of measurement statistics.
An effect e is a linear functional on S that maps
each state onto a probability, i.e. a real number be-
tween 0 and 1. The set of linear functionals with
that property form the set S∗, the dual of S. Note
that all dichotomic measurements on the system cor-
respond to an element of S∗, when we interpret e(Ψ)
as the probability that the measurement returns out-
come 1. Analogously, any d-outcome measurement
can be specified by a collection of d effects ej such
that
∑d
j=1 ej(Ψ) = 1 for all valid states Ψ. The
probability of obtaining outcome a when that mea-
surement is performed on Ψ is given by ea(Ψ). In
general quantum theory, effects correspond to self-
adjoint operators M with 0 ≤M ≤ I.
Note that not all elements of S∗ are required to be
allowed effects in the theory. Indeed, the set of phys-
ically allowed effects E may be a strict subset of S∗.
A theory in which all elements of S∗ are allowed ef-
fects is called ‘dual’. The property of duality is often
assumed as a starting point in derivations of quan-
tum theory [11–15], and is usually referred to as the
no-restriction hypothesis [16]. This hypothesis can
be shown to follow from the existence of orthonor-
mal bases for the state space and the equivalence of
such bases under reversible transformations [17].
GPT composition rules and normalized Bell
inequalities.– In any complete GPT, given two or
more independent systems (not necessarily of the
same type), there must exist a rule to assign a type
to the joint or composite system. In quantum me-
chanics, for instance, the type of a system com-
posed by a qubit (C2) and a qutrit (C3) is a 6-dit
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(C2⊗C3 = C6). In quantum theory, given two sys-
tems A,B with state spaces SA, SB, embedded in
the vector spaces VA, VB, the state space SAB of the
joint system lives in VA ⊗ VB. This is due to the
fact that quantum theory satisfies the postulate of
local tomography, namely, the requirement that lo-
cal measurements are enough to precisely determine
the state of a composite system. In a GPT where
local tomography does not hold, the composite state
of systems A and B would be given by a vector of
the form r = s⊕ t, where s ∈ VA ⊗ VB is the set of
state parameters accessible via local measurements
and t ∈ V hAB is a set of further parameters only ac-
cessible via global or holistic measurements. In such
theories, given a number of subsystems with state
spaces Vi, we define the locally accessible state ΨL
as the projection of the joint state Ψ on the vector
space
⊗
i Vi.
In a given GPT T , the behavior
p(a1, ..., an|x1, ..., xn) generated by n distant
parties must be of the form
p(a1, ..., an|x1, ..., xn) = e
1
a1|x1
⊗ ...⊗ enan|xn(ΨL),
(2)
where {ekak|xk} ⊂ E
∗ are arbitrary valid measure-
ments defined on arbitrary state spaces Vk (not nec-
essarily describing the same system type) in T and
Ψ is a valid state of T for the joint system A1-A2-
...-An. The closure of the set of all such behaviors is
the set of correlations of T . The set of correlations
of T is convex, as parties can produce mixtures of
different correlations using shared randomness.
Since the set of correlations of a given theory is
convex, we can characterize it via linear inequali-
ties, also known as generalized Bell inequalities, or
just Bell inequalities, for short. Any Bell inequality
may be re-scaled into a normalized linear functional
W that, when evaluated on any behavior p(a, b|x, y)
achievable in the GPT, returns a number between 0
and 1, e. g.:
0 ≤W (p) :=
∑
x,y,a,b
W (a, b, x, y)p(a, b|x, y) ≤ 1. (3)
We call such maps normalized Bell functionals
(NBFs).
Let T be a GPT and let W (a, b, x, y) be an NBF
in T . By definition, for any two state spaces, SA,SB
in T , and valid measurements {ea|x} ⊂ EA, {fb|y} ⊂
EB, the vectorW ≡
∑
x,y,a,bW (a, b, x, y)ea|x⊗fb|y⊕
~0V h
AB
belongs to S∗AB (note that, when acting on a
state, W taps only the local degrees of freedom).
Consequently, if T satisfies the no-restriction hy-
pothesis, then W represents a valid effect on the
joint system A-B, i.e. W ∈ EAB. Any NBF can
thus be understood as a map that turns a collec-
tion of local measurements into a new joint effect
W, which we call the Bell effect. In any GPT, this
effect can always be completed into a two-outcome
measurement simply by combining it with another
effect that sums up to a normalisation factor, defin-
ing what we call, somehow analogously to the quan-
tum case a Bell measurement. Bell measurements
may have more than two effects, i.e., they may be
constructed from a collection of NBFs {Wα}α with
the property that
∑
αWα(p) = 1 for all achievable
behaviors p. Intuitively, α denotes the ‘outcome’ of
the NBF. We say that a set of NBFs satisfying this
property is complete. In the rest of the paper, it
will be enough to consider two-outcome Bell mea-
surements to prove our claim.
Remarkably, and this is crucial for what follows,
in order to compute the probability of obtaining the
outcome α = β when we apply a Bell measurement
(constructed from a complete set of NBFs {Wα}α
over measurements {ea|x}, {fb|y}) on a bipartite sys-
tem we do not need to know anything about the un-
derlying GPT theory. In other words we do not need
to know about {ea|x}, {fb|y} or Ψ: it suffices to know
the probabilities p(a, b|x, y) = ea|x ⊗ fb|y(ΨL).
Now, since under the no-restriction hypothesis a
set of GPT measurements {ea|x}, {fb|y} can be com-
bined using an NBF to define a new valid effect it-
self, then we can act on it with another NBF. This
allows us to iterate the process and generate new
Bell measurements from others just by contracting
setting and outcome indices, see Figure 1.
For instance, let {{Uα|ξ}α}ξ be a collection of bi-
partite NBFs labeled by the “setting” ξ and the
“outcome” α. For each ξ, {Uα|ξ}α is a complete set
of NBFs. Then, under the no-restriction hypothe-
sis, for any state spaces SA,SB and measurements
{ea|x} ⊂ S
∗
A, {fb|y} ⊂ S
∗
B , for every ξ, the vectors
uα|ξ ≡
∑
a,b,x,y Uα|ξ(a, b, x, y)ea|x ⊗ fb|y ⊕ 0VAB rep-
resent measurements with outcomes labeled by α.
Now let V be another bipartite NBF. Again invok-
ing the no-restriction hypothesis, we have that for
any state space SC and measurements {gc|z} ⊂ S
∗
C ,
V({uα|ξ}, {gc|z}) must be a valid effect. In terms
of ea|x, fb|y, this effect corresponds to the vector∑
a,b,c,x,y,zW (a, b, c, x, y, z)ea|x⊗ fb|y⊗gc|z⊕0V hrest ,
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where V hrest denotes the space of parameters of the
composite system A-B-C not accessible via local to-
mography, and
W (a, b, c, x, y, z) ≡
∑
α,ξ
V (α, c, ξ, z)Uα|ξ(a, b, x, y).
(4)
But now, since SA,SB,SC and ea|x, fb|y,gc|z are ar-
bitrary, it follows that W (a, b, c, x, y, z) defines a tri-
partite NBF. Thus, we see that the no-restriction
hypothesis implies a rich structure in the set of pos-
sible joint measurements in the theory given only its
correlation structure. Also, it implies a set of con-
sistency constraints among the theory’s NBFs.
The almost quantum set is incompatible with the
no-restriction hypothesis.– To prove our main re-
sult, we combine different AQ bipartite NBFs as
in eq. (4), into a new functional that should be
a valid NBF for AQ tripartite correlations should
the No Restriction Hypothesis hold. The contradic-
tion comes when the resulting inequality is violated
by AQ correlations. To find the NBFs, we used a
see-saw-type method [20] that rested upon the SDP
characterizations of both the set of AQ correlations
[9] and that of AQ NBFs, see the Supplemental Ma-
terial.
Our first NBFs for AQ correlations are defined in
the (2, 3, 2) Bell scenario and read
U0|0(p) =1− pA(0|1)− pB(0|1) + 2p(00|11),
U0|1(p) =1− 0.0329pB(0|0)− 0.7117pB(0|2)
− 0.0329pA(0|0)− 0.8418p(0, 0|0, 0)
+ 0.6359p(0, 0|0, 2)− 0.7117pA(0|2)
+ 0.6359p(0, 0|2, 0)+ 0.4360p(0, 0|2, 2).
(5)
U0|0 is actually a wiring [19]: namely, it corresponds
to measuring setting 1 in both systems and out-
putting 0 when the outcomes are equal. U0|1, on
the contrary, can be shown not to be wirings or a
convex combination thereof. However, one can ver-
ify by running the SDP provided in [9] that it is an
AQ NBF.
Similarly, one can check that the (2, 2, 2) Bell func-
tional
V (p) =0.1590 + 0.8372pB(0|0) + 0.0031pB(0|1)
− 0.1544pA(0|0)− 0.6132p(0, 0|0, 0)
+ 0.5547p(0, 0|0, 1)+ 0.5884pA(0|1)
− 0.5902p(0, 0|1, 0)− 0.7404p(0, 0|11). (6)
a
x
b
y
Uα|ξ ≡
α
ξ
U
(a) The family U of NBFs {Uα|ξ} that
defines a collection of Bell measurements.
α
ξ
c
z
V
(b) An NBF V in a bipartite scenario.
a
x
b
y
c
z
W ≡
α
ξ
U
(c) Tripartite NBF W that effectively arises when identifying
the left device in the bipartite scenario (b) with the family of
Bell measurements U defined by the bipartite NBFs {Uα|ξ}.
FIG. 1. Composition of NBFs. (a) A family of bi-
partite NBFs, such that {Uα|ξ}α defines a Bell mea-
surement for each ξ. This collection of Bell measure-
ments defines from the original bipartite box p(ab|xy)
a new device with input ξ and output α, where
p(α|ξ) =
∑
a,b,x,y
Uα|ξ(a, b, x, y) p(a, b, x, y). (b) A
bipartite NBF V acting on a box p(α, c|ξ, z). (c)
An implementation of the device in (b) where now
the left-hand-side box is realised by the device U
of (a). Testing the NBF V in this realisation of
the box p(α, c|ξ, z) effectively tests a tripartite in-
equality given by the coefficients W (a, b, c, x, y, z) =∑
α,ξ
V (α, c, ξ, z)Uα|ξ(a, b, x, y). Should the GPT satisfy
the no-restriction hypothesis and {Uα|ξ}α and V be AQ
NBFs, W would be an AQ NBF.
is an AQ NBF.
Finally, consider the composition W of these
NBFs according to (4). Minimizing the value
W (p) over all AQ tripartite correlations p, we find
minp∈Q˜W (p) ≈ −0.0033. Since, by definition, all
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normalized Bell inequalities satisfy W (p) ≥ 0 for all
p ∈ Q˜, we conclude that W is not a normalized Bell
inequality. Hence, the AQ set cannot reflect the cor-
relations of any GPT respecting the no-restriction
hypothesis.
Note that this result is robust, i.e., it can be ex-
tended to prove that the set of tripartite correla-
tions of any GPT satisfying the no-restriction hy-
pothesis cannot even approximate the almost quan-
tum set. Indeed, let p be the almost quantum
distribution maximally violating W , and let Q˜′ be
a set of correlations in the (3, 3, 2) Bell scenario
that approximates the almost quantum one. Then,
there exist a distribution p′ ∈ Q˜′ and NBFs V ′
and {U ′0|x , x = 0, 1} for Q˜
′ such that p′ ≈ p,
V ′ ≈ V, U ′0|x ≈ U0|x, x = 0, 1. Composing V
′ and
U ′0|x according to eq. (4), we obtain the Bell func-
tional W ′. Should the GPT behind Q˜′ satisfy the
No Restriction Hypothesis, W ′ must be an NBF
for Q˜′. However, if Q˜ and Q˜′ are close enough,
W ′(p′) ≈ −0.0033, contradicting the claim.
Conclusions.– In this paper we have addressed the
question of whether a theory that predicts AQ corre-
lations can satisfy the no-restriction hypothesis. We
have answered this question in the negative. To do
so, we have shown that the no-restriction hypothe-
sis implies a series of non-trivial compatibility con-
straints among the NBFs satisfied by a set of correla-
tions. We then went on to show that NBFs satisfied
by AQ correlations violate these compatibility con-
straints. From a more general perspective, our for-
malism provides a way to test the validity of the no-
restriction hypothesis in a device-independent way.
Our work opens two main research questions that
deserve further investigation. First, it would be in-
teresting to identify GPT theories predicting AQ
correlations and the constraints they impose on the
set of measurements. Second, one may wonder which
sets of correlations are compatible with the no-
restriction hypothesis. General non-signalling and
quantum correlations are examples of those sets.
How to identify other such sets is left for future work.
In particular, leaving aside general non-signalling
correlations, is there any set of correlations that is
strictly larger than the quantum set and does not
violate the no-restriction hypothesis?
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SUPPLEMENTAL MATERIAL : ALMOST
QUANTUM NORMALISED BELL
FUNCTIONALS
In this appendix we introduce a semidefinite pro-
gramming characterisation of almost quantum NBFs
and explain how we used it to identify the counterex-
ample to the composition rule (4) given by eqs. (5)
and (6).
Due to the close connection between quantum and
almost quantum correlations, it will be convenient
to use linear combinations of “symbolic” projectors,
{Ea|x}a,x for Alice and {Fa|y}b,y for Bob (and prod-
ucts thereof), in order to express almost quantum
NBF. These symbolic projectors satisfy the same al-
gebraic relations as the operators defining quantum
measurements over a bipartite system, namely:
Ea|x = (Ea|x)
2 = (Ea|x)
†, Fb|y = (Fb|y)
2 = (Fb|y)
†,
∑
a
Ea|x =
∑
b
Fb|y = 1, [Ea|x, Fb|y] = 0. (7)
For instance, the product Ea|xFb|y denotes the NBF
0 ≤ p(a, b|x, y) ≤ 1. A general bipartite NBF would
hence be expressed as
∑
x,y,a,bW (a, b, x, y)Ea|xFb|y.
NBFs in the almost quantum set possess a very
simple structure: they correspond to Sums of Her-
mitian Squares (SOS) of certain kind of polynomials
of those symbolic quantum measurement operators.
Namely, W (a, b, x, y) is an almost quantum NBF iff
it can be expressed as a sum of Hermitian squares,
i.e., if there exist Bell functionals {fi}i, {gi}i in op-
erator form such that
∑
x,a,y,b
W (a, b, x, y)Ea|xFb|y =
∑
i
f
†
i fi,
1−
∑
x,a,y,b
W (a, b, x, y)Ea|xFb|y =
∑
i
g
†
i gi. (8)
The existence of such decompositions can be estab-
lished via semidefinite programming [18]. To prove
that, we first consider the related problem of mini-
mizing the value of a Bell functional W over the set
of almost quantum correlations.
Let the outcomes a, b run from 1 to d. Due
to relations (7), a basis of independent operators
to express NBFs is given by the monomials M =
{1} ∪ {Ea|x, Fb|y : a, b 6= d} ∪ {Ea|xFb|y : a, b 6=
d}, which in the following we denote by {Πγ}γ .
From now on we will express W in basis M , i.e.,
{W (a, b, x, y) : a, b, x, y} → {W (γ) : Πγ ∈ M}. Fol-
lowing [9], we have that the minimization of linear
functionals W (γ) over the almost quantum set can
be cast as a semidefinite program:
min
∑
γ∈M
W (γ)Γ(γ, 1),
s.t. Γ ≥ 0,Γ(1, 1) = 1;
Γ(γ, γ′) = Γ(γ′′, γ′)δc,c′ ,
for Πγ = Ec|zs, Πγ′ = Ec′|zt, Πγ′′ = s,
or Πγ = sFc|z, Πγ′ = tFc′|z, Πγ′′ = s;
Γ(γ, γ′) = Γ(γ, γ′′)δc,c′,
for Πγ = Ec|zs, Πγ′ = Ec′|zt, Πγ′′ = t,
or Πγ = sFc|z, Πγ′ = tFc′|z, Πγ′′ = t . (9)
Here Γ is a matrix whose columns (in a certain basis)
are labeled by elements of the basis M of symbolic
monomials. That is, Γ =
∑
γ,γ′ Γ(Πγ ,Πγ′) |γ〉 〈γ
′|,
where {|γ〉}γ is an orthonormal basis. Ea|xs, Ea′|xt,
(sFb|y, tFb′|y) denote monomials inM , and hence s, t
must equal to either 1 or Fb|y for some b, y (Ea|x for
some a, x). The SDP dual of this problem is [10]:
maxλ,
s.t.
Z ≡
∑
γ∈M
W (γ) |γ〉 〈1| − λ |1〉 〈1|+
∑
i
ciGi ≥ 0.
(10)
Here the matrices {Gi} exhaust all the matrices of
the form:
|γ〉 〈γ′| − |γ′′〉 〈γ′| δc,c′ , (11)
for Πγ = Ec|zs, Πγ′ = Ec′|zt, Πγ′′ = s (and Πγ =
sFc|z, Πγ′ = tFc′|z, Πγ′′ = s), and
|γ〉 〈γ′| − |γ〉 〈γ′′| δc,c′, (12)
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for Πγ = Ec|zs, Πγ′ = Ec′|zt, Πγ′′ = t (and Πγ =
sFc|z, Πγ′ = tFc′|z, Πγ′′ = t).
If we multiply the matrix Z in eq. (10) on both
sides by the vector of symbolic monomials |u〉 ≡∑
γ Πγ |γ〉, we obtain an element of lin(M) equiv-
alent to the polynomial
− λ+
∑
γ∈M
W (γ)Πγ (13)
The matrices {Gi} can be interpreted as substitu-
tion rules of the form Ea|xsEa′|xt→ Ea|xstδaa′ (for
Ea|xs, Ea′|xt ∈ M) to transform the matrix repre-
sentation of the polynomial above. Since the final
matrix Z is positive semidefinite, it can be expanded
as Z =
∑
i |fi〉 〈fi|, and hence
−λ+
∑
γ∈M
W (γ)Πγ =
∑
i
〈u|fi〉〈fi|u〉 (14)
and so −λ +
∑
γ∈M W (γ)Πγ is a Sum Of Hermi-
tian Squares (SOS) of linear combinations 〈u|fi〉 of
elements in M .
Under the assumption that there is no dual-
ity gap between primal and dual problems, this
means that
∑
a,b,x,yW (a, b, x, y)p(a, b|x, y) ≥ 0
for all almost quantum distributions iff∑
a,b,x,yW (a, b, x, y)Ea|xFb|y admits such an
SOS decomposition. If we further demand that∑
a,b,x,yW (a, b, x, y)p(a, b|x, y) ≤ 1, then the poly-
nomial 1 −
∑
a,b,x,yW (a, b, x, y)Ea|xFb|y must also
admit a similar SOS decomposition. We hence
arrive at eq. (8).
It remains to be seen that the semidefinite pro-
gram (9) does not exhibit a duality gap. This can be
seen by assigning a Hilbert space Hx (Hy) of dimen-
sion d to each one of Alice’s (Bob’s) measurement
settings, such that the total space is HA ⊗ HB =⊗d
x=1Hx ⊗
⊗d
y=1Hy. Next take Ea|x = |a〉〈a|x ⊗
Ix¯ ⊗ IB (Fb|y = IA ⊗ |b〉〈b|y ⊗ Iy¯), where x¯ (y¯) de-
notes the tensor product of all Hilbert spaces apart
from Hx (Hy) and A (B) denotes the tensor product
of all of Alice’s (Bob’s) Hilbert spaces. By defining
Γ(γ, γ′) = 1
dAdB
tr(ΠγΠγ′), it is easy to demonstrate
that the matrix Γ is positive definite and satisfies all
the linear constraints in (9). Hence the primal prob-
lem has strictly feasible points and therefore there is
no duality gap between the two problems [10].
In order to identify the NBFs (5) and (6), we con-
sidered minimizing the quantity
∑
a,b,c,x,y,z
W (a, b, c, x, y, z)p(a, b, c|x, y, z), (15)
over all almost quantum distributions
p(a, b, c|x, y, z) and Bell functionalsW (a, b, c, x, y, z)
of the form (4), with Uα|ξ, V being almost quan-
tum NBFs. Note that the figure of merit (15) is
multilinear in the variables of the problem p, U, V .
Hence, for fixed values of two of those variables,
one can optimize the third one via semidefinite
programming. This is exactly what we did: starting
with a guess on V and random values for U , we
optimized over almost quantum distributions p.
Then we optimized over U , keeping p and V fixed,
and then over V , with p and U fixed. Iterating
this see-saw scheme [20], that we had to re-initiate
a few times with different random seeds for U , we
managed to reach a negative value for (15), hence
proving that the composition rule (4) does not hold
for almost quantum NBFs.
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